T is a projective cover. It is shown that P A is a flatjector if and only if A P* is an injector. Furthermore, every projector is a flatjector, the two being equivalent for perfect rings. Examples are given of a flatjector that is not a projector and a nonperfect ring where every flatjector is a projector.
In § 3 it is shown that the J5-radieal of B P (R) A X is isomorphic to
BP® AJ(TX).
In particular the J5-radical of B P is isomorphic to
B P® A J{T).
A definition of [/-dominant codimension dual to the definition of F-dominant dimension given in [8] is introduced. The radical N of B being left T-nilpotent is characterized in terms of the full subcategories ^idP*) of Jΰi consisting of all left A-modules of 4 P*-dominant codimension ^ 1, and ^(QJ of Ίίi A consisting of all right A-modules of (^-dominant dimension ^1 (where Q^Hom^P, W) for B W an injective cogenerator). It is shown that N is left T-nilpotent if and only if JT is left Γ-nilpotent, or equivalently /(0/P*) is small in 0 7 P* for any index set J. In §4 perfect injectors are characterized in terms of their trace ideal and certain conditions on large submodules. Anderson [1] has studied perfect projectors when the ring A is left perfect. Here 199 200 R. W. MILLER characterizations of perfect projectors are obtained using substantially weaker conditions on P A , e.g. JT being left Γ-nilpotent. Finally it is shown that for A semiperfect, P A is a perfect projector if and only if A P* is a perfect injector. 1* Preliminaries* Throughout this paper we will observe the following definitions and notation. A will be a ring with unit and all modules will be unitary. All maps will be written on the side opposite the scalars. Given an A-module X, its A-dual Hom^ (X, A) will be denoted by X*. P A will always be a finitely generated projective right A-module with A-endomorphism ring B. It is easy to see that A P* is also finitely generated pro jective and that (P*)* ^ P. With P A we associate the two-side ideal T of A (called the trace of PA) generated by the images of all A-homomorphisms from P into A, for peP,feP*, xeX, and we W. The following isomorphisms are well known (see e.g. [4] if (i) follows easily from (f), (g), and the dual of (d) Let K be a submodule of X. We say K is small in X (and write Γgl) if given a submodule H of X such that K+ H= X, then H = X. We say ϋΓ is large in X (and write iΓS' -X") if K has nonzero intersection with every nonzero submodule of X.
For an A-module X the radical of X, denoted J(X), is defined to be the intersection of all maximal submodules of X. If X has no maximal submodules, then J(X) -X (e.g. see [7] ). We will write J for J(A).
The following properties of the radical are well known.
Properties of the radical: For
(e) If X is projective, then JX = J(X). [3] (f) If X is projective, then JX Φ X. [3] NOTATION. TO minimize confusion in later theorems, the radical of a module W over the ring B = End (PJ will be denoted by N(W). In particular, N = iV(E) LEMMA 1.1. Lei /: ^X~>^y δe a projective cover. Then J(Y) = JΓ.
Proof. Since JFg J(F) always, we only need to show that J(Y)S JY. Let yeJ(Y).
Then 2/ is contained in every maximal submodule of Y. Thus (2/)/" 1 is contained in every maximal submodule of X containing K = ker/. But if'gXand hence is contained in every maximal submodule of X. Thus (T/)/" 1 e J(X) = /X. So 2/ e (JX)/ = J(X)/ = JY. 
hence # fc is contained in the radical of the endomorphism ring of A X (see [11, Prop. 1.1] ). So 1 -θ k is a unit (see e.g. [7] ). Therefore,
will denote the direct sum of copies of X over the index set /. If / = {1, , n}, we will simply write X n for X 1 .
If Γ^Slâ nd L is a left ideal of A similar definitions apply. We will write l x {L) for the left annihilator of L in X.
The following lemmas are left to the reader. where K = ker G{a). Since P A is flat
is exact. Thus PS is flat since GF(K) = 0 and FG ~ I B m. We include the following theorem for completeness. With the obvious changes, the proof is similar to the proof of (c) => ( 
is exact. 
F(X) Ά F(P* ® P) £M F(T)
where F{a)F{η A ) is onto. Since F(P* (x) P) = FG(P) = P ^ JP(T), is an isomorphism. Thus jP (α) where I is some index set. Thus Since ^P* (g) Λ P is projective, we have is split exact. Tensoring with P A , we see that B P is a direct summand of a direct sum of copies of B B. Thus B P is projective.
The following theorem is added for completeness. With the 206 R. W. MILLER obvious changes, the proof is similar to the proof of (d) ==» (b) of Theorem 2.8.
]). If the trace ideal T of P A is projective in JMl, then P A is a projector.
The converse to Theorem 2.9 is false as shown by [1, Example 2.3] .
One might ask when the functor F = B P (x) A ( ) preserves finitely generated projectives? That is, if A X is finitely generated projective, when is B P (x) A X finitely generated projective?
This question is answered by the following theorem. THEOREM 2.10. For P A finitely generated projective the following statements are equivalent,
Proof, (a) ==> (b). Since A A is finitely generated projective, so is
r -B r i^y j±.
(b) => (c). Since B P is finitely generated, the index set / used in (b) ==> (c) of Theorem 2.8 can be taken to be finite. Thus A P* (x) B P is finited generated projective. (c) => (b). Again the index set /used in (d) ==> (b) of Theorem 2.8 can be taken to be finite. Thus B P is finitely generated projective. (b) => (a). If A X is finitely generated projective, then there is a split exact sequence
Thus tensoring with P A we see that B P® Λ X is a direct summand fo
is finitely generated projective, so is B P (x) A X. THEOREM 2.11 . If the trace ideal T of P A is finitely generated projective in Jffl, then F = B P® A ( ) preserves finitely generated projectives.
Proof. By Theorem 2.9, P A is a projector, hence B P is projective. By [10, Theorem 2.2, Corollary 4] B P is finitely generated. Hence the theorem follows by Theorem 2.10.
REMARK. By Theorems 2.3 and 2.8 we see that every projector ENDOMORPHISM RINGS OF FINITELY GENERATED PROJECTIVE MODULES 207 is a flatjector. On page 328 of [1] Anderson gives an example of a projector (hence flatjector) that is not an injector. Also, Anderson constructs an injector that is not flat over its endomorphism ring, and thus is neither a flatjector nor a projector.
In [3] Bass defines a ring A to be left (right) perfect if every left (right) A-module has a projective cover, and semiperfect if every cyclic (left) A-module has a projective cover. Bass shows that A is left perfect if and only if evey flat left A-module is projective. This is also easily seen from Lemma 1.2.
By Theorems 2.3 and 2.8, for a left perfect ring A, P A is a flatjector if and only if P A is a projector. The question arises as to whether a left perfect ring can be characterized in terms of every flatjector being a projector. We exhibit an example to show that the answer to this question is no. EXAMPLE 2.12. Let A be a simple ring that is not left perfect. Let P A be a finitely generated projective right A-module. Since A is simple, P A is a generator, and hence B P is projective (see [2] ). Thus over A, every flatjector is a projector, but A is not left perfect.
We end this section with an example of a flatjector that is not a projector. 
~ \o o
Then P A -eA is finitely generated projective and End (P A ) = eAe B
. As a 5-module, /~ΰΰ0 B Q. Thus B P is flat, but B P is not projective. Hence P A is a flatjector but not a projector.
3. Radicals* Our purpose in this section is to answer the following questions. For P A finitely generated projective with B = an A-module A X(X A ) to be T-accessible if TX = X(XT = X). Clearly, both P A and A P* are T-accessible. LEMMA 
A X(X A ) is T-aecessible if and only if A X(X A ) is the homomorphic image of a direct sum of copies of A P*(P A ).
Proof. We will do the left case only as the right case follows in a similar manner.
Suppose that X = TX. Let I = F{X) and define φ: P* 7 -* GF(X) by [(z;) ie/]9 = Σ %% ® i' Clearly ψ is an A-epimorphism. But via η Σ9 TX is the homomorphic image of ^P* J . Conversely suppose that we have an A-epimorphism φ: A P* τ -* A X for some index set /. Letting Γ-P* 1 
, X=(Y)φ=(TY)φ= T(Y)φ = TX.
If B L s B^om A (P*, X), then A P*L -{Σ *<7l*e P*, ge L) is a Γ-accessible submodule of ^X In fact, P* Hom^ (P*, X) = TX.
]). ΪT&e correspondence B L-+ A P*L is a one-to-one inclusion preserving correspondence between the submodules B L of B Έi.om A (P*, X) and the T-accessible submodules of A X. The inverse correspondence is given by A Y~-^Hom^P*, Y).
By Theorem 3.2 we see that if A S is a simple A-module, then Hom^P*, S) ~ B P® AS is either zero or a simple 5-module.
We say that a proper submodule 4 (ii) Consider U such that (TU:
One easily checks that the correspondence is inclusion preserving. In this case the lemma becomes trivial.
By the remarks following Theorem 3.2 {P*Li} ieI is the set of all maximal T-accessible submodules of TX. Thus P*(f) ieI L { ) ξi ΠietP^Lt = M, and so P*(fl e /£;) £ TM.
Conversely, TMSP*L t for all iel. By Theorem 3.2 Hom^(P*, P*Lt) = L^ hence Hom^ (P*, TM)^L i for all iel.
That is, Hom^ (P*, TM) S Πίez Li. Again by Theorem 3.2 TM = P* Hom^P*, TM) S P* THEOREM 3.8. Let P A be finitely generated projective with trace ideal T and B -End (P A ). For A X, we have (a) P*N(Rom A (P*, X)) = TJ(TX).
(b) ΛΓ(Hom^ (P*, X)) = Horn,, (P*, Proof, (a) By Lemmas 3.7 and 3.6, P*iV(Hom^ (P*, X)) = (b) By Theorem 3.2 and (a) we have that i\Γ(Hom^ (P*, X)) = Hom^ (P*, P : W(Hom^ (P*, X)) = Hom^ (P*,
TJ(TX)). But it is easy to see that Hom 4 (P*, TJ(TX)) = Hom A (P*, J{TX)).
Thus we have the following description of the radical of B P (x) A X.
COROLLARY 3.9. (a) For A X, N( B P0 A X) ~ P(x) J{TX). (b) iV( 5 P)
Proof, (a) follows from Theorem 3.8 since P^X^Hom^P*, X) for all A X. (b) follows in the same manner as (a) using B P = 5 P ® .I-A The following corollary is well known. See for example [11, Prop. 1.1] . COROLLARY 
N = N(B) -Hom A (P*, JP*) -Horn., (P, PJ).
Proof. That JV = Hom, 4 (P*, JP*) follows from the fact that 5 -End ( A P*) and ΓP* -P*. That N= ΈLom Λ (P, PJ) follows by a dual argument. Proof, (a) P*λΓ -P* Homu (P*, JP*) -TJP*. (b) follows by symmetry.
We now move on to our second question. For a right A-module V A , Morita [8] has defined a right A-module Y to be of V-dominant dimension Ξ> n (written F-dom. dim. Y Ξ> n) if there is an exact A two-sided ideal H of a ring A is said to be left T-nilpotent if given any sequence {ΛJJLi £ -H" there is a finite index w such that hh ft w = 0. We need the following necessary and sufficient conditions for a two-sided ideal H to be left Γ-nilpotent. (a) is essentially in Bass [3] but will be included here for completeness.
Proof, (a) => (b). Let 0ΦyeY A .
If l γ (H) = 0, then there exists a t e H such that ya 1 Φ 0. Again, there exists α 2 e H such that 7/α : α 2 0
. Clearly this will lead to a contradiction of (a) (d) => (a). Let {hifei S H and let A N be a free left A-module with basis {%}Γ=i Now N -JVΊ + N 2 where JVΊ is the submodule of N generated by {/&Λ +1 }Γ=i and N 2 is the submodule of N generated by {rii -λ<w ί+ i}5Li.. Since N λ g ϋΛΓ we have that N = iV 2 . So t Thus, by uniqueness of representation, a λ = 1 and 0 = a t h t = a t _Jίi t __Jι t = ... = hj% 2 h t . Hence H is left T-nilpotent.
For P A finitely generated protective we now give necessary and sufficient conditions for the radical N of the endomorphism ring B of P A to be left T-nilpotent in terms of the subcategories and S REMARK. R. Ware [11, Lemma 5.3] has shown the equivalence of (a) and (c) in the case that P A is a protective module which is a finite direct sum of cyclic modules.
Proof, (a) => (b). Let A X be T-accessible. If JX is not small in X, there exists £Γ £ X such that JX + H = X. However X = XjH is also T-accessible, and JX = X. Thus by Theorem 3.15, X = 0, a contradiction. 4* Perfect injectors and perfect projectors* For P A finitely generated protective Anderson [1] has called P A a perfect injector (perfect projector) if the functor F = B P (x) A ( ) preserves injective hulls (projective covers). Clearly a perfect injector (perfect projector) is also an injector (projector). Perfect injectors are characterized in terms of their trace ideal and certain conditions on large submodules. 
Conversely if x e Ix, then x -ix for some i e I. Define REMARK. The equivalence of (a), (b), and (c) is essentially (using Lemma 4.1) Anderson's result [1, Theorem 2.4] . Hence (d) follows by (e). (d) => (c). The proof of (d) => (c) is almost identical (with the obvious changes) to the proof of (e) => (c), and hence will be omitted.
Proof, (c) <=> (e). Let
The following corollary indicates when T is a direct summand of A. We now give an example of a perfect injector whose trace is not finitely generated. EXAMPLE 4.4. Let A = J{ iQJ K i where K { = K a field and the index set / is infinite. Let T -Kf. We may write T = faA) 1 where e\ = βi e A and K ζ = ^A. Let P A -e λ A. Then P A is finitely generated protective and the trace ideal of P A is T. (A/T) A is flat since A is a regular ring, hence P A is a perfect injector. However, T A is not finitely generated.
Ideally we would like to give a characterization of perfect projectors dual to that of Theorem 4.2. In general we do not know enough pertinent information about small submodules to obtain an exact dualization. Anderson circumvented this problem by assuming that the ring A is left perfect. He gives the following theorem. THEOREM 4.5. (Anderson [1, Theorem 3.3] ). Let A be left perfect and let P A be finitely generated projective. Then the following statements are equivalent.
(a) P A is a perfect projector.
Our purpose in this discussion is to extend Anderson's result by replacing the condition that A be left perfect with substantially weaker conditions on P A . Proof, (a) => (b). Suppose that TK + H = TX. Since F is an exact additive functor, we may write
+ P*L = P*F(X) = TX. Thus P*L = TX which implies that = F(X). Let xe JΠ T and suppose that x£JT = J(T). Then there is a maximal submodule H of T such that x g if. Since # e J, the natural map A > A/A# is a projective cover. By (a) P -» P/P£ is a protective cover, hence B Px '£ *P. But P = PT = PH + Px, since Γ = if + Ax. Thus P = PH, and so P* (x) P = P* (x) Piϊ. Hence T = TH^ H, a contradiction. Thus JT = J Π T. have the same image in P(x)X under the maps P(x) JX-* P (x) X and P/ (x) X -P(g) X respectively. Thus P (x) Z" g ΛΓP (x) X. Hence P(g) K'S P® X because iVis left T-nilpotent. Therefore P® X 2 P (x) F is a projective cover.
To suppose iV is left T-nilpotent is one way to weaken Anderson's condition that A be left perfect. Another way is as follows. Instead of assuming that every left A-module has a projective cover, we assume that a particular left A-module has a projective cover. But first we need the following lemma. 4.13. We give an example to show that the condition that A(A/T) have a projective cover is not redundant.
Let F be a field, F 7an infinite dimensional vector space over F, and A the ring of all linear transformations of F V Since F V is a generator, V A is finitely generated projective and F-End (V A ) (see [2] ). Let e: ^F-•ify be the projection map onto the one-dimensional subspace Fv of F V. Clearly V A ~ eA; hence, the trace ideal of V A is TAeA. Properties of A, F V A , and T.
(a) T = Socle (A A ) (see [6] ). 
